We prove that by adopting a strict interpretation of the Einstein-PodolskyRosen criterion of reality, the proofs of the known non-locality theorems fail in showing that quantum mechanics violates the principle of locality and reality.
Introduction
The different non-locality theorems appeared in the literature [1] - [6] , starting from the pioneer theorem of Bell, were, and are, often interpreted as proofs of inconsistency between quantum mechanics and the principle of locality and reality introduced by Einstein, Podolsky and Rosen [7] , which consists of the following two statements.
(R) Criterion of reality. If, without in any way disturbing a system, we can predict with certainty the value of a physical quantity, then there exists an element of physical reality corresponding to this physical quantity.
(L) Principle of locality. Let R 1 and R 2 be two space-like separated regions. The reality in R 2 is unaffected by operations performed in R 1 .
In sections 3, 4, 5, we give equivalent reformulations of the main non-locality theorems, which show that what each of them proves is an inconsistency of quantum mechanics with the following assumption involving quantum correlations.
(EQC) Extension of quantum correlations. Let A and B be two observables whose measurements require operations in regions R 1 and R 2 , respectively, space-like separated from each other. If quantum mechanics predicts correlations, in the state ψ, between the outcomes of actually performed measurements of A and B, then every specimen x of the physical system in the state ψ possesses objective values of A and B which satisfy these correlations.
Weak extension of quantum correlations.
In this section we derive an extension of quantum correlations from (R,L), as it can be inferred by a strict interpretation of the criterion of reality (R). Our argument requires the formal introduction of terms to suitably represent the concepts to be handled. Given a quantum state vector ψ of the Hilbert space H which describes the physical system, let S(ψ) be a support of ψ, i.e. a concrete set of specimens of the physical systems whose quantum state is ψ. Let A be any 1-0 observable, i.e. an observable having only the possible values 1 and 0, and hence represented by a projection operatorÂ. In correspondence with A we introduce the following peculiar subsets of S(ψ). By A we denote the set of the specimens of S(ψ) which objectively possess a value of the observable A. By A 1 (resp., A 0 ) we denote the set of specimens of A which possess the objective value 1 (resp., 0) of A; hence we can assume that A 1 ∪ A 0 = A holds. By A we denote the concrete set of specimens of S(ψ) which actually undergo a measurement of A. By A 1 (resp., A 0 ) we denote the set of specimens of A for which the outcome 1 (resp., 0) of A has been obtained; hence we can assume that A 1 ∪A 0 = A holds. Moreover, we define the two mappings a : A → {1, −1} and a : A → {1, −1} as follows.
According to standard quantum theory the following statement holds [
Let A and B be two separated observables, written A ⊲⊳ B, i.e. observables whose measurements require operations to be performed in space-like separated regions R 1 and R 2 . Since (L) applies, the following statement holds.
The principle of locality and reality (R,L) leads to further implications in the case that the separated observables A and B are correlated. Let us consider the case that the correlation A → B holds in the quantum state ψ, which means that whenever both A and B are measured, i. 
The quantum correlation A ↔ B, i.e. A → B and B → A, means that the correlation (a(x) = 1) ⇔ (b(x) = 1) holds for all x ∈ A ∩ B. In this case, by (sEQC) we derive that (a(
Hence, (sEQC) incorporates the following extension of quantum correlations.
We remark that in deriving (sEQC) we have applied the strict interpretation (sR) of the criterion of reality, according to which if A ⊲⊳ B and A → B we can predict with certainty the value of an eventual measurement of B (resp., A) only once a measurement of A with concrete outcome a(x) = 1 (resp., B with concrete outcome b(x) = 0) is performed. If x / ∈ A 1 (resp., x / ∈ B 0 ) no prediction of the value of B (resp., A) can be made by a strict application of (R).
The larger extension stated by (EQC) can be derived from (R,L) only if a wider interpretation (wR) is adopted, according to which for ascribing reality to B it is sufficient the "possibility" of performing a measurement whose outcome would allow for the prediction, with certainty, of the outcome of an eventual measurement of B. Note 10 in [6] highlights the importance of this twofold possibility in interpreting the criterion of reality.
GHSZ theorem does not extend to (sEQC)
In this section we show that the argument of GHSZ cannot be used for proving inconsistency between quantum mechanics and statement (sEQC). In so doing, we first reformulate GHSZ proof to make clear the role of law (EQC).
The theorem of GHSZ makes use of seven 1-0 observables of a particular quantum system, separated into four classes
These observables have been singled out by GHSZ in such a way that (5.i) two observables in two different classes are separated from each other.
The state vectors ψ is chosen so that the following correlations between actually measured outcomes hold, according to quantum mechanics.
In terms of 1-0 observables, equations (6.i), (6.ii), (6.iii), (6.iv) express the quantum correlations 
GHSZ prove that the correlations (7) are inconsistent because (i)-(iv) in (7) hold for a same x ∈ S(ψ) = ∅. Indeed, from (7.i) and (7.iv) we get
On the other hand, from (7.ii) and (7.iii) the equality c α (
which contradicts (8).
Now we prove that this proof of inconsistency does not work if we replace (EQC) by (sEQC). To this end, it is worth to remark that the contradiction between (8) and (9) cannot be derived from (6) alone, without the extension to (7) implied by (EQC), because (6.i)-(6.iv) cannot hold simultaneously for a same x = y = z = t; indeed, [Â α ,Â β ] = 0 by (5.ii); hence, according to quantum theory, A α ∩ A β = ∅ by (2.ii), and therefore
The extension of correlations (6) validated by (sEQC) in this case are obtained by applying (4.ii), i.e.
In order that the GHSZ argument -which leads to the contradiction from (7) to (9) through (8)-can be successfully repeated from (10), the first step requires that (10.i) and (10.iv) should hold for the same specimen x 0 ; therefore the conditionX ∩T = ∅ should hold; the second step requires that also (10.ii) and (10.iii) should hold for such a specimen. Thus, the conditioñ
should be satisfied. Now, from (5.ii) and (2.ii) we derive
To obtain the setX ∩Ỹ ∩Z ∩T the distributive law for ∩ and ∪ of elementary set theory can be applied; in so doing, (12) implỹ X ∩Ỹ ∩Z ∩T = ∅, which denies condition (11) necessary to prove the inconsistency. Thus, GHSZ proof cannot be extended to prove inconsistency between quantum mechanics and the strict interpretation of the principle of locality and reality.
Hardy's theorem
The scheme of the theorem of Hardy involves four 1-0 observables A α , B α , A β , B β , chosen in such a way that
The state vector ψ is chosen so that according to quantum theory the correlations A α → B α , B α → A β , A β → B β hold, which can be equivalently expressed as follows.
A further constraint satisfied by the choice of ψ in Hardy's theorem is the following statistical prediction of quantum mechanics,
which means that there is a non-vanishing probability of obtaining (1, 0) as pair of outcomes of a measurement of A α and B β . Hence, a support S(ψ) exists such that
If (EQC) is assumed to hold, then from correlations (14) we infer that
are satisfied for any x ∈ S(ψ), for every support S(ψ). Now, if a specimen x satisfies (16.i,ii,iii), then by using elementary algebra we imply that
holds for such x. Therefore (17) holds for every x ∈ S(ψ), for every support S(ψ). Thus, (15.ii) turns out to be contradicted, because (a
Now we show that no contradiction arises if we replace (EQC) by (sEQC). The extension of correlations (14) obtained by applying (sEQC) is expressed by The state vector ψ is singled out so that quantum correlations A β ↔ 1 − B β and
where (20.i) holds for all x ∈ A β ∩ B β and (20.ii) holds for all x ∈ A γ ∩ B γ . Following Bell's proof, if Y = {x 1 , x 2 , . . . , x N } is any finite set of specimens of the physical system such that both (20.i) and (20.ii) hold for every x k ∈ Y , then the following (Bell's) inequality
can be derived for the mean values 1 In order that the mean values in (21) can be replaced by the quantum expectation values, the following further hypothesis has been assumed in Bell's type theorems.
Fair sampling assumption. The sample of physical systems which actually undergo a measurement fairly represent the entire population S(ψ).
The validity of the fair sampling assumption has been submitted to deep investigations, as for instance in [8, 9] and references therein, which show that it can be seriously questioned without violating physical principles or statistical regularity. This assumption is not necessary in the theorems of GHSZ and Hardy which, for this reason, are more effective in showing inconsistency between quantum mechanics and (EQC).
